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Abstract 

Cubic interactions between the simplest mixed-symmetry gauge field and gravity are 
constructed in anti-dc Sitter (AdS) and flat backgrounds. Nonabelian cubic interactions 
►v> , are obtained in AdS following various perturbative methods including the Fradkin-Vasiliev 

H ' construction, with and without Stiickelberg fields. The action that features the maximal 

number of Stiickelberg fields can be considered in the flat limit without loss of physical 
degrees of freedom. The resulting interactions in flat space are compared with a classification 
of vertices obtained via the antifield cohomological perturbative method. It is shown that 
the gauge algebra becomes abelian in the fiat limit, in contrast to what happens for totally 
symmetric gauge fields in AdS. 
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1 Introduction 

In the well-known papers [HE], the gravitational interaction problem (as well as self- interactions) 
for higher-spin gauge fields was solved at the first nontrivial order by going to a four-dimensional 
(anti-)de Sitter {A)dS4^ background. This solved a longstanding problem and showed the im- 
portance of AdS backgrounds. Subsequently, these results led to the solution of the higher-spin 
interaction problem to all orders in interactions at the level of field equations in the seminal 
papers [3H5]- The results IHI^ and [SHS] concern higher-spin gauge fields which, when described 
in the metric-like or Fronsdal formalism [6H9], are given by totally symmetric rank-s tensorqj. 
For a review of the key mechanisms of higher-spin extensions of gravity, see |20j while various 
reviews on Vasiliev's equations can be found in |21H23j . 

Mixed-symmetry gauge fields are neither totally symmetric nor totally antisymmetric {p- 
forms) and have first been described at the Lagrangian level around flat background in |24fl27] . 
For more recent works on mixed-symmetry fields in constantly curved background see |28H48j 
and references therein. 

As far as the problem of finding consistent interactions for mixed-symmetry gauge fields 
is concerned, some analysis have been done in flat background |12[ll4l[mi - l52j . but in {A)dSd 
background almost nothing has been achieved apart from the very recent work [53] (see also the 



^For recent works on cubic couplings among totally symmetric fields see |10f[l9l 



earlier works |54p55j ) . In [SB] , the electromagnetic interactions of massive fields of the symmetry 
type studied in this paper have been studied in the Stiickelberg approach. 

Generic irreducible mixed-symmetry gauge fields in AdSd are very different from their 
Minkowskian counterparts [57] in that they possess only one differential gauge symmetry as- 
sociated with a single irreducible gauge parameter; not several at the same time, like in flat 
spacetime. Gauge fields in AdS^ can be described within the Alkalaev-Shaynkman-Vasiliev 
(ASV) approach [3^ which is specific to AdSd and presents the advantage of being manifestly 
AdSd -covariant with a minimal set of off-shell fields. However, the flat limit of the ASV formu- 
lation is not smooth in the sense of non-conservation of dynamical degrees of freedom. 

There is always, however, the possibility to reinstall all the differential gauge symmetries for 
a generic mixed-symmetry gauge fields in AdS^ at the price of adding extra fields, one for each 
supplementary differential gauge parameter, which can be shifted to zero at will provided the 
cosmological constant is nonvanishing [57] , |4ip42ll45| . This is what we refer to as the Stiickelberg 
approach. Upon eliminating the extra fields of a Stiickelberg formulation, one arrives in AdS^ 
at the ASV formulation. 

It is the goal of the present paper to study in details the cubic gravitational interaction 
problem in both flat and AdSd backgrounds for the simplest mixed-symmetry gauge field, i.e. 
one that is described in the metric-like formalism by a potential whose Young symmetry is ^ . 
Such a field will here be called hook, or [2, l]-type, gauge field. 

We will treat the gravitational interactions of [2, 1]-type gauge field in AdS^ using a modified 
2-order formalism and the Fradkin-Vasiliev approach. These techniques will be applied in turn 
to the Stiickelberg and ASV formulations. In flat spacetime, we will address the gravitational 
interaction problem in the metric-like formalism and using the cohomological reformulation |58j 
of the consistent deformation procedure 



The plan of the paper is as follows. After setting the notation and conventions, in Section [2] 
we review the methods of investigating cubic interactions. We recall in Section [3] some results 
about the free [p, q]-type gauge field in Minkowski and {A)dSd backgrounds and give an off-shell 
description of it in the frame-like Stiickelberg and ASV formalisms. Section [J] addresses the 
problem of cubic interactions in AdSd ■ In Section ITT] we construct, from the Stiickelberg vantage 
point, consistent cubic gravitational interactions for the hook field in AdSd (where d > 4) which 
contain the usual Lorentz-covariant minimal coupling terms plus a finite sum of non-minimal 
terms, called "quasi-minimal" |15y20j in the context of totally symmetric gauge field in AdSd ■ 
The Stiickelberg action obtained therein allows a smooth flat limit. The full expressions for the 
gauge transformations of the fields at the first nontrivial order are explicitly given. In Section 
4.21 the Stiickelberg formulation is treated using the Pradkin-Vasiliev construction. Then, in 
Section 14.31 we study the gravitational interactions within the ASV formulation. We show that 
it agrees with the results of Section 14.21 upon partial gauge fixing of the Stiickelberg action. In 



Section O using the cohomological reformulation of the Nother method |58tl6Uj and the results 
previously obtained in |50H52j . we give the exhaustive list of cubic vertices in flat background 
corresponding to the set of fields used in Sections 14.11 and 14.21 We make contact with the flat 
limit of the Stiickelberg action. In particular, we confirm that there are no possible nonabelian 
vertices in flat space. In other words, switching on a cosmological constant enables one to deform 
an abelian cubic action into a nonabelian one, in sharp contrast to what happens for totally 
symmetric gauge fields [15] where the nature of the gauge algebra is not changed when going 
from AdSd to flat background. The conclusions are given Section [6l Finally, in Appendix 1X1 we 
review the metric-like Stiickelberg formulation for the free hook field in AdS^ ■ 

Notation and conventions 

Base manifold indices, or world indices, are denoted by Greek letters fi,!^, . . . , while Lorentz 
indices are denoted by lower-case Latin letters. The Lorentz algebra so (d—l, 1) is associated with 
the metric r/^fe = diag(+, —,...,—) where the indices a,b, . . . run over the values 0,1, . . . ,d — 1 . 
A group of p totally antisymmetric Lorentz indices will be denoted by [aia2 ... ftp] = a[p] . 
Moreover, square brackets indicate total antisymmetrization involving the minimal number of 
terms needed to achieve antisymmetrization. To further simplify the notation we will often use 
conventions whereby like letters imply complete antisymmetrization, e.g. for 0"'^^ 

The components of an irreducible qI^ tensor whose symmetry type consists of a Young dia- 
gram with two columns, the first of length p and the second of length q , will be denoted (^^W'^'I'?] ^ 
p ^ q . The Young symmetry described above is abbreviated by (/3 ~ [p, q] . The components 
of a Lorentz tensor of type \p,q] are denoted by c^'^W'^I'^l . Note that, by abuse of notation, 
we do not consider (anti) self-duality constraints on what we call Lorentz (or AdSd ) tensors 
in d = 2n , so that a Lorentz tensor, in our conventions, only obeys over-(anti)symmetrization 
and trace constraints. The torsion-free, Lorentz-connection on the base manifold is denoted by 
the symbol D . In flat background, (D)^^" = for any vector ^°' , whereas in AdSd one has 
(D)'^^'^ = Ah"' A hmC"", where A is a cosmological constant, A < for AdS^ , and h°j^dx^ are 
background vielbein one-forms. It is useful to set A = y^jAj. 

2 Cubic interactions 

Generalities. Having a quadratic action S'o[$] that is invariant under some abelian gauge 
transformations 6q^ as an input, one may look for interaction vertices by expanding the nonlinear 



corrections in powers of some formal coupling constant g 

S = SQ + gSi + ... 5^ = 5Q^ + g5i^ + 0{g^ 



(2.1) 



The consistency condition 55 = at the leading nontrivial order, which corresponds to cubic 
vertices, implies that 



5^ 5^ 



(2.2) 



Noting that -^ is the left-hand side of the linear equations of motion, one can rewrite (j2.2p as 



5Si 
7¥ 



5n^ 



£So. 







(2.3) 



which is much easier to solve in practice. Given some solution Si , the expression for the gauge 
transformations 6i^ can be extracted from (j2.2p . In general (5i$ has a complicated form and is 
not needed for most purposes. 



Auxiliary fields, 1st-, 3/2-formalisms. In the first-order formalism which is widely used 
in higher-spin theory, there are auxiliary fields which we denote collectively by $7 . The auxiliary 
fields O can be expressed, modulo gauge transformations, in terms of physical fields $ . Splitting 
in terms of $ and Vt gives 










(2.4) 



On the one hand, one can use the Ist-order formalism treating both $ and ft as independent 
fields. But this requires a lot of calculations including corrections to gauge transformations 
of auxiliary field fl , which often turn out to be the most complicated ones. Alternatively, in 
frame-like formulation of gravity and supergravity there is the well-known |-order formalism 
where one takes into account the variations of physical fields $ only, all the calculations being 
done on the solutions of the complete algebraic equations for the auxiliary field 













(2.5) 



The advantage is that there is no need to consider the corrections 6iil. to the fl gauge transfor- 
mations. However, one has to solve non-linear equations for 0, and this can be highly nontrivial. 
In Section 14.11 we use a modified |-order formalism very well suited for the investigations of 



cubic vertices 



6^ 6Q 6^ 



SSo_ 







(2.6) 



Here also there is no need to consider 6iQ and we have to make all calculations on the solutions 
of free fl field equations only. If one is not interested in 5i$ , then the equation (j2.3p can be 
used to find Si . 



Fradkin— Vasiliev cubic interactions, (2]. It is very convenient for the purpose of finding 
interactions to reformulate a field theory in the unfolded form [61] . 



R-^ = 0, R-^ = dW^-F^{W), F^^— g^O, (2.7) 

so that (i) the fields W'^ form a set of differential forms of some degrees; (ii) all exterior 
derivatives of fields are expressed in terms of fields themselves, moreover F'^{W) is a function 
built with the use of exterior product of fields only; (iii) d? = implies an integrability condition 
for F-^{W). In other words the set W'^ is closed under the de Rham derivative and there are no 
other relations between dW'^ then those given by F-^. Then (j2.7|) ensures the gauge symmetry 

SW^ = d^^ + f^ (2.8) 

where the first term is absent if the form degree of W'^ is zero. 

The anti-de Sitter background itself can be thought of as a part of the unfolded system of 
equations: 

dh" + w"-'^ A /i'^ = , (2.9) 

dw'^'^ + w% A ro^'^ = A/i" A /i'' . (2.10) 

In what follows we shall not use the full system of unfolded equations to describe a dynamical 
field of some spin, but only several Yang-Mills-like curvatures R^ that are relevant for the cubic 
action as they contribute to the quadratic action. The strategy is 

(1) for a required multiplet of gauge fields, for which we would like to investigate cubic inter- 
actions, one has to give unfolded curvatures Rq that are linear in gauge fields, 

R-^ = DW^ + Fi{h)W^ (2.11) 

but could be nonlinear in the background fields as manifested in F^{h) . Note that zu can 
appear only as a part of the Lorentz covariant derivative D = d + zu . The curvature Rq 
can be read off from [Tnl[3n|[39ll4Hl42|l45l[62ti66] . The indices A,B, ... run over certain set 
of irreducible Lorentz tensors. As the number of gauge forms W'^ for some particular field 
is finite i?Q = cannot describe propagating fields. The way out is that not all of the 
curvatures DW'^ + F^{h)W^ are zero, some being proportional to zero-forms C^, called 
generalized Weyl tensors: 

R^ = F^{h)C\ (2.12) 

which are consistent unfolded equations provided that DC^ satisfy their own equations. 
In what follows the curvatures for C^ are not needed; 



(2) find a quadratic action of the form 

S = IY1 [ lAB;u...uR^/\RE^h^^-^h^, (2.13) 

which is gauge invariant by construction. The IaB:u...u are some invariant tensors built out 
of ^ab...c a-iid rjah- The action contains some free coefficients, which are generally responsible 
for normalization of actions for individual constituents of the multiplet and for a freedom 
to add boundary terms; 

(3) to extend the curvatures R-^ 

R^ = DW^ + F^{h)W'^ + -gF^cWW^ A W^ (2.14) 

with terms quadratic in the fields while maintaining the integrability condition l\2.7\\ to 
the order g, which implies 

6R^ = C'R^ g^cQwv + 0{9') = gfREF^^ + 0{g') , (2.15) 

where we have replaced R^ with R^ on right-hand side as F^ has already brought in one 
power of g. The coefficients F^ are in fact the structure constants of some higher-spin 
algebra |671l68j. so that R = dW + W-kW. In the present paper we do not consider the 
full higher-spin algebra as we look for some particular cubic vertices and do not know F^ 
for all generators; 

(4) to insert the corrected curvatures R-^^ into the action instead of the linearized Rq and to 
adjust free coefficients such that the action is gauge invariant to the order g: 

SS=J2 [ IaB;u...u 5R^ AR'^ Ah"" a ... A /i" = (2.16) 

A,B'' 

=^ E / ^-4^?;«-« ^'^ ^ ^oF^V A < A /i" A ... A /i" + 0{g^) . (2.17) 

A,B'' 

At this stage one may use a modified |-order formalism (|2.6p or, if there is no need in finding 
5i^, one can apply a modified (j2.3p . 



SSo ^a^ 5Si ^ , 
6^ ^ 6^ 






(2.18) 



where 5i = 5f^ + 6f and F^q are responsible for 6f, which appears naturally and makes the 
expression in brackets more simple (j2.15p . In this case there are additional simplifications due 
to the fact that most of Rq are zero on-shell, a few being equal to Weyl tensors (j2.12p . Applying 
(I2T2]) one reduces (l2T6]l to 

SS = gY, f IaB;u...uC''C''F^^ f A F^{h) A F^{h) A /i" A ... A /i" + 0{g'') = 0, (2.19) 

AS 



which is a purely algebraic problem of adjusting free coefficients in order for various combinations 
of Weyl tensors to cancel each other. 

Actually, in the original paper p]n the coefficients F^ were completely known for the multi- 
plet of totally symmetric fields of spins s = 0, 1, ..., in contrast to the present paper where we just 
probe some of -F,^ for the 05p(l|2) higher-spin algebra of [68] describing certain mixed-symmetry 
fields in addition to totally-symmetric ones. 

3 Type-[p, g] gauge fields 

In this section we present a frame-like formulation for type-[p, q\ fields. The cases [1, 1] and [2, 1] 
will be treated in details in the rest of the paper. 

Minkowski space. According to |381l63j. the unfolded formulation for type-[p, q] field in 
Minkowski space starts with two fields 

type[p,g]: e^t"! uf^'^ (3.1) 

as a vielbein and spin-connection spin-[p, q\ field, where the subscripts on the above fields indicate 
their respective differential form degrees. One can construct linearized unfolded curvatures for 
these fields as 

paM _ ^ a[g] , a[q\m[p-q+l] /„ „n 

<+t" = rf^?^" • (3.3) 

On-mass-shell the curvatures obey 

K+i = , (3.4) 

pa[p+l] _ , ^a\p+l],m[q+l] /„ ^n 

-"-q+1 ~ "'m[g+l]'-"0 ' l"*'^/ 

where Cq is the Weyl tensor. The quadratic action has the form 

^p,q - ^ V P+1 '^ +1--^) (^k -^^q+l )^ulp+q+l], (-^-OJ 

where we have used volume forms H^^j^j 

Hu[k] = ^m...u,b,+,...b, h^'+' A ... A h^'^ 



which form a basis set of {d — k) forms, resulting in the identity 

{d-k + 



( 1 \k ^—^ 

h''AHui...Uk = (-^_^_^]^-) 2_/(~^)*'^«i ^«i-"--«fe • ('^•'^) 



However, it turns out that this set of fields/curvatures does not admit a straightforward 
deformation to the anti-de Sitter space. 



^For some reviews, see e.g [2I1I221IS1] ■ 



Stiickelberg formulation. The BMV conjecture [S7], proved in |4HI42[ B7]. states tliat an 
irreducible AdSd massless field decomposes into a direct sum of irreducible Minkowski niassless 
fields in the flat limit A — ?• . For a unitary spin-[p, q] field the decomposition is 



AdS: unitary spin- [p,(/] 



= spm-[p,q]Q spm-\p — l,q] : Minkowski. (3i 



This can be understood as follows. A spin-[p, g] massless field in Minkowski space possesses 
two independent differential gauge symmetries with parameters having the types [p — l,q] and 
[p, q — 1] . The first gauge symmetry gets broken in AdSd ', its role was to remove, from the 
components of the spin-[p, g] field, the spin-[p — l,q] polarization. The spm-[p,q — 1] gauge 
parameter is still activated in AdSd ■ Thus, if one wants the total number of physical degrees 
of freedom to be a conserved quantity in the limit A — ?• , then the spin-[p — l,q] polarization 
has to decouple and will become an independent massless field. The above scenario is what one 
expects from representation theory: in the flat limit an irreducible representation of 5o{d— 1,2) 
becomes an i5o{d — 1, l)-reducible one. 

That iso((i— 1, 1) is not semisimple indeed results in a drastic difference between formulations 
in AdSd and Minkowski backgrounds. However, from a given field-theoretical formulation in 
a flat space in one higher dimension, one can obtain all the information one wishes about 
the corresponding massive or massless field in AdSd or flat backgrounds. This is a powerful 
technique, systematically applied in various cases by one of the authors [39 l H5 t [66 l[70H72] and 
that can be used in order to derive the Lagrangian formulation of any given field (massive 
or massless, in AdSd or Minkowski): Starting from the maximal Stiickelberg description of a 
generically massive field in AdSd background, one has at one's disposal all the fields needed to 
describe its massless m'^ — )• and/or flat A — )• limit without losing any degrees of freedom. 
For example, given a totally symmetric spin-s massive fleld, its massless limit produces a set 
of massless fields whose spectrum of spins is obtained by a dimensional reduction of length-s 
one-row Young diagram [1,1,..., 1] of 5o{d — 1) to various one-row diagrams of 5o{d — 2)with 
less and less cells. Hence, in the simplest case of a spin-s massive field one may take a set of 
fields that is used to describe massless fields of spins 0, 1, ..., s. The massive Lagrangian is then 
a sum of Lagrangians of massless fields supplemented by various mixing terms with 1 and 
derivatives. The procedure is quite natural and has already been tested both in Minkowski and 
AdSd for all fields whose spin is given by an arbitrary two-row Young diagram |45j . 

This idea was also mentioned in [73] and has been used [411142] in order to describe in a 
geometric way massive and massless AdSd fields of arbitrary symmetry type, starting from the 
dimensional reduction of the Minkowskian (d + l)-dimensional geometric formulation [381163] 
developed by one of the authors. In that way, it was possible to reproduce and understand the 
Brink-Metsaev-Vasiliev (BMV) pattern of Stiickelberg fields and their possible decouplings, at 
any given value of the mass parameter. For a very recent and interesting works related to [73] . 



see e.g. [TUITS] and references therein. 

The advantage (and definition) of the maximal Stiickelberg formulation is that all limits 
(massless and/or flat) are smooth and all the fields have a gauge transformation. For a massive 
field in AdSd , at critical values of m? certain mixing coefficients in the Lagrangian go to zero 
and the latter splits into two pieces, one describing a massless (or partially massless) field in 
AdSd which still has more degrees of freedom than the Minkowski massless field with the same 
spin. If, instead of choosing a critical value for m? in the maximal Stiickelberg Lagrangian, one 
takes the limit A — )■ , then all the mixing coefficients go to zero and one obtains a direct sum 
of massless Lagrangians, one for each of the fields appearing in the initial Lagrangian. 

Stiickelberg formulation for type-[p, q] fields. According to (|3.8p in order to construct 
Stiickelberg formulation for type-[p, q] field one may take 

type[p-l,q]: e^'J^ u;f\ (3.9) 

type [p,q]: e^'^^ oj^^^'K (3.10) 

The ansatz for curvatures contains all mixing terms reads 

i?? = Dei'\ - /i™[,_,]^^f'^]™f^"^l - ae?l , (3.11) 

i?Si = I?4'' - Z^/^-^"''" > (3-12) 

<:^i = I^eJ^l - /.„,[,_,+i]4''^™[^-^+^l - Jh'^hrnef.-'^"' , (3.13) 

<+t'^ = ^^q'''+" - '5/i^CUq'''^ • (3.14) 

The integrability condition (j2.7p implies that 

« = §(-)", 7 = -5, /5 = |(-r'. (3.15) 

Choosing 6 ~ \/|A| = A, one can have a smooth flat limit A — t- 0, with the four curvatures 
decoupling into two independent sets of (|3.2p - (j3.3p . On-mass-shell we have 



ii? = , R'^$, = /i„[,+i]C«W'™[''+i] , (3.16) 

<?i = , i?St'' = /^,n[,+i]C'^[^+^]'™[''-^^] , (3.17) 

featuring two Weyl tensors in accordance with the BMV conjecture, |57] . 

The action, which is valid both in Minkowski and AdS is simply a sum of (j3.6p . where the 
curvatures are to be replaced with (j3.1ip - (|3.14p . 

S = Sp^l^q + ^\g2^P,Q ' (3.18) 

where the relative coefficient is fixed by gauge invariance. Note that the action does not have a 
manifestly gauge invariant form. This can be cured in AdS. 

10 



In anti-de Sitter space one can indeed cast the action into a manifestly gauge invariant form 

+a2 J i?q+l"[^+^l"[^^'^l A i?q+i"[^+^l^[^_^j A if„[2,+2] + 

+a3 I Rp""^"^ A i^q+i'^lP+il A Hu[p+,+i] + 

+a, J D (iiq+i^I^+il^I^-^-y A i?q+i"f'^+\[,_,,_i] A i?,[2,+3]) , (3.19) 

where the last term is a boundary term and allows to set ai/a2 at will, then we may put 04 = 0. 
The action is manifestly gauge invariant. However, if one expands the first three terms one finds 
contributions of the form a;q"w]ap-g /\ Duj^ , _ ]Hu[q]vW)+i\ that are of the third order in 

derivatives upon solving equations for w's in terms of tetrad- like fields e. The requirement for 
higher-derivative terms to vanish gives one constraint on oi , 02 , 03 

2(^+1) (a,^^a,ii-,-,-^),\ +»3(-r'^' '^,^".'l-''-"-? =0. (3.20) 



d-2,-lV * " -;-y ■ -« , (, + l)!(d-2,-l 

Interlude. One |10y76j can collect w""'^ and h'^ as different components of a single 5o{d— 1, 2)- 
connection il ' = —Q.' = Q^' dx^, A,B,... = 0...d, where the decomposition of Q. ' into 
a d X d antisymmetric matrix vj"''^ and a Lorentz vector h"" can be performed in a 5o{d — 1, 2)- 
covariant way by introducing a normalized vector field V , V Vc = 1, called compensator, |10j . 

//^ = XDqV^ , Q^'^ = Q^'^ + X{V^H^ - H^V^) , (3.21) 

\2 



where Dq = d + ^, {DqY = 0, which is equivalent to (p:9|) - ([230]) . The 5o{d - l,2)-covariant 



definitions for /i" and w""'^ are given by H and Jl, ' , with the Lorentz covariant derivative 



being D = d + 0^,, which is manifested in 

H^Vb = , DV^ = , DH^ = (3.22) 

and the fact that, choosing V = (5^ {d means the value of the index rather than an index), one 
recovers 

i/^ = AO/', , ^^ = , of = 0^^'^ . (3.23) 

Manifestly AdS-covariant formulation. One can go further and construct a formulation 
for type-[p, g] fields that in addition to being manifestly gauge invariant is also manifestly co- 
variant under global symmetries of AdS^ [T0 l [30 l [3"2 y 33 1 [77] . 

One first notes that with the help of gauge parameter ^^p.^ of Cp 

11 



one can gauge away ep_j^ completely. It is obvious that Wq and Cp have the same number of 
components. In the gauge where ep_-^ = 0, the zero-curvature condition on ()3.1ip implies that 

, a[q]m[p-q] ^a[q] _ „ /„ „j.x 

"'m[p-g]'^q " "^p — U , [6.2b) 

i.e. ep_j^ is just an avatar for Wq . The curvature (j3.13p then does not carry any new information 
and can be abandoned to the benefit of (j3.12p . The resulting formulation is based on two fields 
(xJq ^' and ujq ' with the unfolded curvatures of the form 

Ri[ = I)^?"' + A/.„..r^'^ , (3.26) 

i?St'l = D^JP+^J - A/i"a;^[^l , (3.27) 



where we have made the choice 6 = \/|A| = A. The action now reduces to three terms 

+a, I D (i^q+i-I^+il^IP-"-!! A i?q+i"''+\[,_,_i] A H^[2q-,3]) (3.28) 

with no restriction on 01,02,04. The boundary term again serves |3m i77| as a tool to adjust 
01/02 at will. The on-mass-shell condition (J3.16p - (j3.17p reduces to 

<+i = ^™[,+i]C'^'^l''"'^+^ (3.29) 

<5"=^r.[,+i]C'^[^+'l'"[^+'l. (3.30) 

Now one can realize (|3.26p - (|3.27p as two projections i?q+i and i?q_^i Va/ of a single 
curvature ^q+i = -Do^q for a generalized 5o{d — 1, 2)-connection Wq , which has 

an analogous decomposition into two generalized Lorentz connections to be identified with ujq 
and ujq . The action can also be rewritten in a 5o{d — 1, 2)-covariant form |301I77| . 

5 = ai I flq+l^[^+l]^[^-''-l]^VM A iJq+l^'^-'^I,.,./^^ A if^[2,+2] + 
+a, I iiq+i^I'^+ll^t^-'^l A i?q+l^f^^^l^^,„,] A i^^[2,+2] + 

+a, I Do (i?q+i^[^+il^[^-^-il^^yM A iiq+i^'^+'l^[,_,^_i] A i?^[2,H-3]) (3.31) 

with 

Hu[k] = eu,...u,B,^,...B,w H^'+' A ... A H^^V"^ . 

Such formulation in terms of generalized connections of the anti-de Sitter algebra is referred 
to as ASV formulation due to [30], where it was introduced first, see [32l[33lllTl[l2l[l6l[6l] for 
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developments and generalizations. Within the ASV formulation a set of frame-like fields is 
organized in a compact way as various projections of a single generalized 5o{d— 1, 2)-connection. 
However, this is achieved at the price of losing Stiickelberg symmetries and associated fields that 
make the flat limit smooth. Therefore, ASV formulation is restricted to AdS and has a singular 
flat limit, with the Van Dam-Veltman-Zakharov-like discontinuity in the number of physical 
degrees of freedom. 

4 Gravitational interactions of type -[2,1] fields in AdS 

In this section we are going to present three different ways of constructing gravitational inter- 
actions for the [2, l]-type gauge fields in AdSd ■ 

4.1 Stiickelberg formulation and |-approach 

Firstly we apply a modified |-formalism in the presence of maximal set of Stiickelberg fields. 

Kinematics. In accordance with section [3] we will use the following fields for description of 
hook: two form <!>'' and one forms J7"™, Q"-'-'^' and /"■, leaving notations e" and w^I^l for the 
description of graviton. In this notation the free Lagrangian for a hook in AdS can be written 
as follows 



-[l-n'^^'^hmn''"'-n-^^^Dr]H,..+ 



lq"" -III-- -- —J j--a[3] 

where m? = 3A^ . It is invariant under the following set of gauge transformations 

,5o$" = I)z" + /i^/i^x'"''^" + y/i"/imr , (4.2) 

(5orj"[3] = £)^«[3] + !!^/ja^a[2] ^ (43) 
o 

Sor = DC + h^x"''' + mz\ (4.4) 

(5o!^"[2] = Dx"^^^ - rnhmX"""^^^ ■ (4.5) 

Correspondingly, we can construct four gauge invariant objects (Yang-Mills-like curvatures jf| 

R- = D^'^-hmh^Q^'^^^'^-jh-h^r, (4.6) 

o 

K" = Dr + hm.n""'-m<^'', (4.8) 



'To make connection with H3.15p . a = jti, /3 = jti, 7 = m/3, S = —m/Z, p = 2, q = 1. 
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They satisfy the fohowing differential identities 

^^a[3] ^ _!!!/ja^a[2]^ DR'' = -hmhmR"'^^'^'' - —h'^hmK'^ , (4.10) 

o o 

DK'^[2] ^ m/i,„ii™["[2]^ DK" = -h^K""^ - mR" . (4.11) 

Note here that on the solutions of the equations for the auxiliary fields Q"-^'^' and il'^PJ we have 
i?« = 0, K"^ = ^ hrnhmR""^^^" = 0, /i„i^™'' = . (4.12) 

Minimal interactions. To illustrate how our modified formalism work let us begin with 
the free Lagrangian for a massless hook in a flat spacetime and corresponding initial gauge 
transformations, where now D^ = 0, 

(^O^^t^l = I?x"f^' , C^O^" = i?^'^ + /im/imX"''^" • (4.14) 

The most general ansatz for a cubic vertex with two derivatives has the form (here we put the 
gravitational coupling constant to 1) 

Let us consider gauge transformations for the graviton, first, 

Direct calculations show that the variation of £1 under the above transformations cancels pro- 
vided that ai = I and 02 = — |, together with appropriate corrections to gauge transformations 

So we have fixed all the coefficients in the cubic vertex and we still have to consider the gauge 
variation Ci under ^o^*^. It is easy to check that it is impossible to achieve complete invariance 
under these transformations. The best possible result is obtained with the following corrections 
to (5i$" 

5i^- = -e^/i^x"''"'" - ^"'"^m . (4.18) 

This leaves us with the residual terms 

resoi = [x'^[=^]ii'^'"$„ - n-^'^R'^^ZmW,^^] , (4-19) 

that are directly related to the fact that covariant derivatives do not commute. 

Similarly, we repeat the above procedure in the sector of the Stiickelberg spin-2 field, giving 

6ir = -U^'mC + V^mr - emX'"'^ + Vm^""" , (4-20) 

reso2 = -[X"['lii'^'"/,n - n-^'^R-^'UHals] ■ (4.21) 

The only possibility to compensate these terms is to consider higher-derivative non-minimal 
interactions and their AdS deformations. 
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Cubic vertices with four derivatives: Vertex f]"[^]0"['^li?. The most general ansatz for 
this vertex has the form 

+a3J^"['L^"'"t'li2'^™ + a4f^'^™[']f^"^[2]i?'^[']]^a[4] • (4.22) 

However, due to the identity 

the first and second terms are not independent. Let us put ai = 0. Tlien using the on-shell 
identities hmhmR"^'^'"' = and hmR"^"' = 0, the x" variation of the action can be casted into 
the form 



5oAl = [^^^^^X^mmR^^'^R"-^'^ + 2(a3 - 2a4)x'^'"['li?"['lniiV]i^a[4] • 

This enforces 03 = 204, while the first term can be compensated by 



(2ai +ai) a rn[2] 



5i$« = - ^ 3' ^' x''ml2]R"'^'^ ■ (4.23) 



A few comments are in order. 



• As we see this vertex does not deform the gauge algebra. It may seem that we took too 
many derivatives, but we were not able to avoid this four-derivative vertex. 

• In all subsequent calculations it is crucial that the combination (2ai + 04) is non zero. 
Maybe the relation between these two parameters becomes clear in the first order formal- 
ism, but for simplicity in what follows we put 04 = 0. 

At this stage we have to consider the AdSd -covariantization of this vertex, taking into account 
that now D^ 7^ 0. There are two sources for non-invariance of cubic vertices in this case: terms 
proportional to m in the definition of the curvature tensors and in the gauge transformations 



AR^^^^ = -h'^n^^^l (^iQ'^t^] ^ ^^a a[2] 

3 3 



and this produces 



resn = ^[-x"''L(/i,n^"['] + 2h-n^m) + ^''^^LihmX''^^^ + 2h''x''m)]R"'^'^H,[4] ■ (4.24) 

Cubic vertices with four derivatives: Vertex ri^t^ljl^l^li?. As far as we know, the only 
possible vertex with four derivatives and bilinear in the hook sector looks like 

C = ri^'^[2]^a[2]^^^^^ _ ^425) 
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It is similar to the first nontrivial term in the decomposition of the Gauss-Bonnet invariant but 
now for two different spin-2 fields. By construction such a vertex exists in d ^ 5 only. For the 
modified 2-formalism it is convenient to rewrite this vertex in the form Q^R. So in what follows 
we will use 

£42 = a2[l^"'"OVi2"[2] _ fia[2]^-^R-m^Ha[i^ . (4.26) 

As for the ^dS-covariantization of this vertex, we again have two sources for non-invariance — 
terms proportional to m in the curvature and gauge transformations 

This produces 

+ma2[2xV/i™J^'"[']'^i?"t'l + x"f'l^n^^'^™''^i^'^m " h^Q^^'^^^'^x^" R\]Ha[4] ■ (4.27) 

Vertices with three derivatives. As we have seen from previous subsection, the four- 
derivative vertices produce contributions to the x ^^'^ x'' variations only. It means that 
any variation under the z"'- and ^"-transformations for the three derivatives vertex has to be 
compensated by corrections to gauge transformations only. This put severe restrictions on such 
vertices. The only one we have managed to find is 

£3 = ^'o^'^''^ /mi2"'"^a[4] , <5$" = -boR''"'^ ■ (4.28) 

So we have only one new parameter bo to compensate for the non-invariance coming from the 
minimal interactions (j4.19p and (|4.2ip on the one hand and the non-invariance coming from four 
derivatives vertices (j4.24p and (j4.27p on the other hand. Happily, with a heavy use of on-shell 
relations hmhmR"'"^'^' = and h^K""^ = one can show that all residual variations can be 
canceled provided we set 

3 3 1 

"'^ = ~773 — ^r^' °2 = -"T^, ^0 = — (4.29) 

4(a — 3jm^ 4m^ m 

and introduce important corrections to the gauge transformations 

5ie^ = 2(rf!3)^ [x°""^^H2] - ^'^"^f^'x^p]] • (4.30) 

Thus we finally obtain a non-trivial deformation of the gauge algebra. To summarize, we found 
the following cubic vertex and corresponding gauge transformations 



£i 



|e„,Vfi»Pl-fi"M - |e".„,n'»M"n„"Pl - «.1=I."„*" 



-H'a[4] H ^"'^Vm-R^'^-f^a^] 



0«f2] Qa[2] pm.[2] tt r^amr^a oa[2] _ Qa[2] qo o. 



m 



Ha[4], (4.31) 
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2[d — 3)171'' ^ ' 
6ir = -u^^mC + V'^mr - en.x""' + 7?^^™'^ , (4.33) 

4.2 Stiickelberg formulation and Fradkin— Vasiliev approach 

In this section we consider application of the Fradkin- VasiHev approach to the Stiickelberg 
description of the hook field. First of all we have to rewrite the free Lagrangian in terms of 
gauge invariant curvatures. The result reads 

Co = [aii?'^[2]™^a[2]^ ^ a2K^^^^K^^^^ + asR^'^^^K^] F„[4] , (4.35) 

where 

(d-4)ai 3 1 ,, , 

3 4m^ m 

Again we see that there is an ambiguity in the choice of coefficients but the choice will be fixed 

after switching on interactions. 

Now we have to construct deformed curvatures both for the hook field and for the graviton, 

so that the variations will be proportional to the free curvatures. For the graviton the result is 

easy to find 

^a[2] ^ i?«[2]+mao[n"™P]j7a^j2] --!^"™0'^m], (4.37) 

fa ^ r'^ + aoO"'"l2lO^[2], (4.38) 

with the corresponding variations having the form 

5i2"[2] ^ mao[R^"'^\^m[2]-lK'''^X^m], (4.39) 

6f^ = ao[-x^'^^'^K^[2]+R''"'^'hml2]]- (4.40) 

The deformations for the hook's curvatures simply correspond to the standard Lorentz min- 
imal coupling 

^« = i?« + ^--$^-/i^e^0-[2]-_^(e-/,„ + /,ae^)/-, (4.4I) 

o 

k"" = K" + a;'^™/^ + e„Jl™- , (4.43) 

_^a[2] ^ ^a[2] ^ ^«^!^™« _ me^fi'^'^t^] _ (4 44) 

In what follows we will need only the part of the variation that does not vanish on-shell. It 
has a simple form 

^^a[3] ^ R^^x'^^i^^ , Sk''^^'^ = R'mX"^'' , bK" = K^'^U ■ (4-45) 
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Now, following the general procedure, we consider the interacting Lagrangian 

The next problem is to adjust the coefficients so that all variations vanish on-shell. For the 
X"™ -transformations we obtaiiu 

Using the on-shell relations hmhmR"'"^'^' = and hmR"'"^ = one can show that the following 
identity holds 

Thus we have to put 

ai = 1^ . (4.47) 

At the same time, for the x'^ -transformations we obtain 



df£o + 6oCi = [Aa2K'^^^^R^"'x''m + ^i^'^'"i2'^['lxV]^a[4] 



Again, using the on-shell relations hmK""^ = and hmR""^ = 0, one can show that 

r T^a\2] Tjam a . j^am r>a\2\ a i tt n 

[K'^'R Xm + K R ^ 'X m\Ha[4] = ■ 

Therefore, we set 

In particular, the last relation fixes the ambiguity in the free Lagrangian giving us 

9 3 

4(a — 3jm^ 2[a — S)m 

Going from Stiickelberg to ASV. We have already mentioned that the Stiickelberg for- 
mulation is related to the ASV one through the partial gauge fixing, see (j3.24p and below. It 
is instructive to see how this procedure works in the interacting case. First of all, using the 
fact that for any non-zero A we have Sf^ ~ z", we can choose the gauge f"" = 0. Then, the 
corresponding torsion equation 

K'' = hm^'"'' - m'^" + em^""" = (4.50) 

gives us 

$« = l(/i^ + e„)n™V (4.51) 

m 



*The deformed curvatures introduced above are associated with corresponding 5f, see Section [21 
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As a consequence, the second torsion equation R"^ = does not carry any new information, 
leaving us with two non-trivial curvatures only 

Here we have made the rescaling Jl^'^J — )• jnfi"^^' and ET"^^' — )■ rriK"'^'^^ in accordance with the fact 
that f]"P] plays now the role of a physical field. After such a rescaling the deformed Riemann 
tensor has the form 

^a[2] ^ ^a[2] ^ ^^^[S^^^M^a^p] - 2\^ Q.""^ 9.'' m] , (4.54) 

while the interacting Lagrangian can be written as follows 

which is to be compared with the genuine ASV action ()4.70p . 

Flat limit. According to the general analysis of flat limit of higher-spin cubic actions in AdSd 
done in [15] , one can always rescale the fields and dimensionful coupling constants in such a way 
that the flat limit of the AdS^ action retains only the quadratic kinetic terms and the cubic 
highest derivative terms. Of course, the yldS^ -covariant derivatives are replaced by the flat 
partial ones. In our case the cubic vertex that will survive in the flat limit is the four-derivative 
one given by (|4.22p . (j4.25p that are abelian. Note that there is always a freedom in adding total 
derivative terms and making field-redefinitions, c.f. (j4.25p and (j4.26p . 

4.3 ASV formulation and Pradkin— Vasiliev approach 

In this Section we would like to test gravitational interactions for the simplest case of spin- [2, 1] 
gauge fields, i.e. we are interested in [2, 1] — [2, 1] — [1, 1] cubic vertices. The simplicity is due to 
the fact that the spin- [2, 1] field is described by a one- form. 

We introduce the following set of one-form gauge fields {e", w"^, O^I^l, $7"™} where {e", w"''} 
are the dynamical one-form gauge fields in the spin-2 sector. As recalled in Section [31 the two 
fields {J7°'^2', rj"^'^'} correspond to the one-forms needed to describe an irreducible and unitary 
[2, l]-type gauge field in AdS^ within the ASV formulation. 

Quadratic corrections to curvatures are made by replacing background tetrad h°' and Lorentz 
spin-connection w""'^ with h"" + e" and w""'^ + lo°''^, respectively. Quadratic contributions to 
the torsion and Riemann curvature are determined from the most general Ansatz by requiring 
curvatures to be gauge invariant up to order g. Denoting the total vielbein e'* = /i™ -|- e*" , the 
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result is: 

T" = De'' + ebLo'"'-gn''''^^^ni,[2] , (4-56) 

i?"[3] = Z)[7«[3] + Ae" O^'Pl + uj^b ^'"'[^1 . (4.59) 

The Yang-Mills-like gauge transformation are 

6e'' = dr + e6^'^'-ebr' + 5r/'^'f'1^6[2]-5^"'f"%[2] , (4-60) 

Soj^'' = dC^ - ^c w'^ + w"'^ e^ + A (r e^ - e" e^) + 2 A 5 77'^^ 0^ 

-2A<70-r?^ + 5 7?-[2]o^^p]-5f^"^f'l^'c[2] , (4.61) 

50"[=^] = dr/^'t^l _ A^» 0"[2] + Ae" r/^t^] _ ^a^ ^ba[2] ^ ^a^ ^fea[2] ^ ^453) 

and accordingly, for the curvatures: 

5T- = CbR^'-nC''' + 9rj^''^^^Kbi2]-9R'''^^'^rjbi2] , (4.64) 

-2KgK'^'rf, + g r?-!^] ^^^j^] - <7 iJ'^^t'' v\[2] , (4.65) 

5^a[2] ^ ^^ ^ba[2] _ j.^ ^ba[2] _ ^a^ j^ba ^ ^a^ ^ba ^ ^4 gg^ 

5^a[3] ^ _^^a j^a[2] ^ ^^a ^a[2] _ ^a^ j^ba[2] ^ ^a^ j^ba[2] _ ^^qj) 

The on-mass-shell conditions for [2, l]-type fields read, (|3.16|) - (|3.17p . 

while the spin-2 sector gives the constraints 

TS = , Rf^ = hbhW''^''^ . (4.69) 

where the linearized quantities are indicates by calligraphic symbols. The 5o{d — 1, l)-tensors 
|(-a[2],fe[2]^^a[3],6[2]^yya[2],fe[2]| ^^^ irreducible tcusors of symmetry type [2,2], [3,2] and [2,2] , re- 
spectively. 

We take the following Ansatz for the action 

S[e^ W'^^ fi'^t^] ^ s^a[3]] ^ 1 J^f>uu ^ j^vv j_ ^^ j^uu ^ j^vv ^ ^^ i?""'^ A /2™ J A Huuvv , (4.70) 

where it is understood that the quartic terms are neglected at this order in perturbation. The 
variation of the above action can be evaluated using (|4.64p - (j4.67p . keeping only terms bilinear 
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in the fields and linear in the gauge parameter. In other words, after taking the gauge varia- 
tion inside the action, the curvatures are replaced by their linearized expressions that are then 
constrained according to (|4.68p and (j4.69p . 
Denoting 



A = j H^^^^euu,vvr]\W-'^^^- , (4.71) 

B = j if„[o] Cuu^vv r?\[2] W'^'^I^l..^ ^ (472) 

C = j i7„[o] y^a[2],^n ic W™^]--- , (4.73) 

the Fradkin-Vasiliev consistency condition gives the following constraint on the free parameters 
entering the action 5[e'', a;''^ f^'^^]^ j^ap]]. 



[2Kg - ai] A + 
This admits the solution 



a2 



B + 



y 2~ 



C = . (4.74) 



ai = 2g K , a2 = 2g . (4.75) 

We see that the ratio ai/a2 is completely fixed by the consistency of the action (j4.70p . 

Within the manifestly ^dS^ -covariant ASV formulation the computations are basically the 
same, but one has to take into account a fewer number of terms as some of them join together 
into single AdS'-covariant objects. 

One important remark is that switching on gravitational interactions dictates the relative 
coefficient aijai in a way that manifestly AdS'-covariant ASV action acquires the most simple 
form 

S=\^ i?^^^ A i?^^^ A Hjjvyy . (4.76) 

Unfortunately, it is impossible to take a meaningful flat limit because of discontinuity in the 
number of physical degrees of freedom. Note that the two fields of ASV formulation correspond 
to fields similar to Lorentz spin-connection rather than a tetrad-like fields, which can be excluded 
if A 7^ as explained in section [3l Even at the linearized level the action for O^" and Qf^'^ reduces 
to a nonunitary theory because no additional gauge symmetry reappear. 

5 Gravitational interactions of type -[2,1] field in flat space: 
metric-like Stiickelberg formulation and BV-BRST approach 

In section W7I\ we have seen that, in the fiat limit, no nonabelian interaction could survive in the 
Stiickelberg action. In this section we discuss, in the metric-like formalism, the fiat limit of the 
interacting Lagrangian obtained in this paper by addressing the related problem of determining 
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all the possible interactions that the hook field can have with gravity in flat space. We show that 
indeed it is not possible to build nonabelian interactions in flat space, thereby strengthening the 
results of the section 14.21 

The couplings will involve the following three types of gauge flelds: a [2, l]-type field T^i/,p = 
—Tu^,p (we use the antisymmetric convention in this section), the graviton and the Stiickelberg 
companion of the hook field which is of the same symmetry type as the graviton, i.e. in metric- 
like formalism it is a rank-two symmetric gauge fielqj. There are not many cubic terms that 
can consistently couple these fields in a fiat background and we will show that none of them 
is compatible with the existence of a nonabelian gauge algebra at the first nontrivial order, in 
sharp contrast to what happens for totally-symmetric gauge fields. It means that it is definitely 
the cosmological constant that is responsible for the nonabelian nature of the interactions we 
have presented in this paper. 

In fiat space, the problem of the self-interactions for arbitrary type-[p, g] gauge fields was 
thoroughly studied in |5Ufl52j via the cohomological reformulation |58j of the Nother procedure 
for constructing consistent interactions [59]. For any [p, gj-type gauge fields in fiat space, all the 
relevant cohomological groups have been computed in |50l - l52] to which we refer for more details. 

Without entering too much into the details of the antifield formulation for [p, Q']-type gauge 
fields in fiat space [5T|[52]. we will give here a list of the various possible cubic couplings between 
a [2, l]-type gauge field and a set of two different gravitons, the physical graviton and the 
Stiickelberg companion of the [2, l]-type gauge field. We will show that there is no way to build 
nonabelian cubic vertices among the three species of fields considered here if there is at least one 
hook field occurring in the vertex. In the case of the cubic coupling between colored gravitons, 
it is a result of [78] that there is no nontrivial nonabelian interactions mixing colored gravitons. 
Therefore, in the case of interactions between the Stiickelberg field and the physical graviton, 
there is no possibility for nonabelian interactions. 

Sector of the mixed-symmetry gauge field The spectrum of fields and antifields in the 
sector of the [2, l]-type gauge field is given by 

• the fields T^ji^-y with ghost number {gh) zero and antifield number (antigh) zero; 

• the ghosts Sa/B = 'S'(q/3) and A^/s = A^ap] with gh = 1 and antigh = 0; 

• the ghosts of ghosts Ba with gh = 2 and antigh = 0, which appear because of the 
reducibility relations; 

• the antifields T*^'^"''^ , with ghost number minus one gh = —1 and antigh = 1; 

• the antifields S'*("^) and A*["'^l with gh = -2 and antigh = 2; 



'See Appendixl^for a metric-like presentation of the free Stiickelberg action for a hook field in AdSd 
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• the antifields B*°^ with gh = —3 and antigh = 3 . 

Note that the antifield number is sometimes also called "antighost number". The BRST differ- 
ential for the free theory takes the simple form 



7 



(5.1) 



A grading is associated with each of these differentials : 7 increases by one unit the "pure ghost 
number" denoted puregh while the Koszul-Tate differential 5 increases the antighost number 
antigh by one unit. The ghost number gh is defined by 



gh = puregh — antigh. 



(5.2) 



The action of the differentials 7 and 5 on all the fields of the formalism is displayed in Table [T] 
that indicates also the pureghost number, antighost number, ghost number and grassmannian 
parity of the various fields. 



z 


1{Z) 


5{Z) 


puregh{Z) 


antigh{Z) 


gh{Z) 


parity 


^a/3,7 


7^a/3,7 

















Sal3 


65(„S/3) 





1 





1 


1 


^al3 


2dyaBi3-\ 





1 





1 


1 


Ba 








2 





2 










-16^;Wk„[3,,^[^] 





1 


-1 


1 


Q*afS 





-2(9^r*T("'^) 





2 


-2 





j^*al3 





_gQ^j*7[a,/3] 





2 


-2 





Q*a 





6a/,5*^" + 2 9^^*^" 





3 


-3 


1 



Table 1: Action of the differentials 7 and 6 in the sector of the [2, l]-types gauge field, where 

7^[a/3]7 = 2(5[«5/3]^ + d[aAp^^ - d^A^ii) , A'c,[3]/'^^ = -| d^'^^dia.Ta^aslf^^ is the gauge-invariant 



linearized curvature tensor and (5m J 



[/3l P2 PS. Pi] 



It is convenient to perform a change of variables in the antigh = 2 sector in order for the 
Koszul-Tate differential to take a simpler expression when applied on all the antifields of antigh 
^ 2 . We define 

C*"^ = 3 5*"^ + ^*"'^. (5.3) 



It leads to the following simple expressions 

,5C*"^ -- 
6B*'' -- 



-6a^T*[T°i'^, 



2d^C 



*i'fi 



(5.4) 
(5.5) 
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(5oi + 7ao + dco 


= 


6a2 + 701 + dci 


= 


6a3 + 702 + dc2 


= 


703 


= 



Following the results of |5mi52]. in order to perturbatively deform the solution W^^> of the 
master equation for the free theory {W^^'W^^>)a.b. = [where (•, ■)a.b. denotes the antibracket] 
into W = W^°^ + gW^^^ + ... with W^^'^ = J d'^x (ao + ai + 02 + 03) where gh{ai) = and 
antigh{ai) = i , one has to solve the cocycle equation sa + dc = where a = ag + ai + 02 + 03 
and c = C2 + ci + Co . The descent of equations coming from the decomposition of so + dc = 
with respect to the antifield number is 

(5.6) 
(5.7) 
(5.8) 
(5.9) 

In order to solve this system, one starts with 03 that must belong to the cohomological group 
-ff (7) and plug it into the equation da^ + 702 + dc2 = that must be solved for 02 . If that 
is possible, one has thereby "lifted" or "integrated" 03 to 02 . In case such an integration is 
not obstructed, one plugs 02 into the next equation 5a2 + 701 + dci = and try to solve it 
for ai . If 02 can be lifted to an oi , one finally try to solve 6ai + 702 + dcQ = for oq which 
is the vertex appearing in the deformed Lagrangian. The deformations of the gauge algebra 
appear into 02 while ci contains the deformations of the gauge transformations. The element 
03 contains information about the deformation of the reducibility transformations. 

Important ingredients for the construction of the various elements {a^} , i = 0,1,2,3, are 
the following cohomological groups: 

(i) H{'y) , the cohomology of 7 , is isomorphic to the algebra 

{f {[Kaia2a3AI32]A'^*]^ Bf,, H^^^^^^)} of functions of the generators, where H^^^^a^ = 
^^[01^0203] ' {^*\ denotes collectively all the antifields and their derivatives and similarly 
{Kai^a2a3,i3ii32] denotes the curvature tensor and all its derivatives; 

(ii) The cohomology groups H'^{5\d) vanish in antifield number q strictly greater than three: 
H'^{5\d)^0 for g>3; 

(iii) A complete set of representatives of H^{5\d) is given by the antifields B*^ conjugate to the 
ghost of ghosts Bf, , i.e., da^ + da'^-^ = ^ a^ = X^B*''dx^ Adx^ A. . .Adx'^^^ + 6bi + dbi-^ 
where the A^'s are constants; 

(iv) The cohomological group H2{6\d) vanishes if one considers cochains a that have no explicit 
x-dependence (as it is necessary for constructing Poincare-invariant Lagrangians) . 

Sector of the graviton In the sector of the graviton fields, the relevant cohomological analysis 
was performed in [T^. On top of the spin-2 gauge field /i^jy , the BRST-BV spectrum includes 
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ghost C^ associated with the hnearized diffeomorphisms together with the antifields /i*^''' and 
C*^ . We have summarized the action of the various relevant differentials on these fields in 
Table E) 



z 


l{Z) 


5{Z) 


puregh{Z) 


antigh{Z) 


ghiZ) 


parity 


I^I^LP 


2 9(^C,,) 

















c. 








1 





1 


1 


h*\ 










1 


-1 


1 


(j*f^ 





-dyh*'"' 





2 


-2 






Table 2: Action of the differentials 7 and 6 in the sector of the spin-2 field, where i^Q:[2], 
_ d^^''^ d[aj^ha2™ is the gauge- invariant linearized curvature tensor and 6' 



/3[2] 



.a[3] 

m 



roi 1:02 r03 

°[/3i%%]- 



In this sector, the relevant cohomological groups are: 

(i) -^(7) , the cohomology of 7 , that is isomorphic to the algebra 
{/ {[Ka^a2,i3ii32], [^*],Cfi, '^[m^!^]) } °^ functions of the generators; 

(ii) H^{6\d)^0 for g>2; 

(iii) H2{6\d) given by the antifields C*'^ conjugate to the ghosts C^ , i.e., Jag + da' 
an = \i,C*'^dx^ A dx^ A ... A dx'^~^ + 5bi + dbi~^ where the A^'s are constants. 
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Couplings [1,1]— [1,1]— [1,1] As we said above, there is no nonabelian vertices mixing nontriv- 
ially several kinds of gravitons, therefore the only couplings we can introduce are the Born-Infeld 
coupling with six derivatives (that does not appear in the analysis in AdSd ), and the following 
four-derivative coupling in d ^ 5 : 



«o-<fiVi^M2l'^f^'^M2]'^f^' 



(5.10) 



that does not modifies the gauge transformations and is invariant up to a total derivative. In 
other words, in (15. 6p there is no corresponding oi but a nonzero cq . As we see, this vertex brings 
in four derivatives and it contributes via (j4.25p to making the AdSd nonabelian vertex in the 
Stiickelberg formulation. 



Couplings [1,1]— [1,1]— [2,1] There is a candidate deformation with five derivatives between 
the hook field T^io^y and two gravitons /i* , i = 1,2 (in the following we will omit the extra 
internal index i for simplicity of notation) : 



ao 



J^,[3]/'[2]^,[2]/'[2la^/i^e^f6je-[6] 



(5.11) 
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where we recall that K^^^^^^^^^' is the curvature tensor for T^[2],u a-iid K^[2], is the linearized 
curvature tensor in the spin-2 sector. It is easy to check that this vertex is gauge invariant under 
linearized transformations, up to a total derivative. 

With three derivatives involved, it can be seen that there is only one candidate associated 
with the following element of the cohomology of 7: ai = T*'^'-'^'''^ K^t2],y!2]C'^ , where C^ is 
the ghost associated with the linearized diffeomorphisms. The element ai € -^^(7) encodes 
the information concerning a deformation of the gauge transformations for the hook field; a 
deformation that does not modify the gauge algebra which therefore remains abelian. Explicitly, 
it corresponds to the transformation 

^ -'MlM2,i^l ^ -"- Ml M2 ,1^11^2 S ■ [b.lZ) 

To see whether this deformations of the gauge transformations can be integrated to a cubic 
vertex oq , one has to solve the equation 5ai + 709 = dcQ where 6 is the Koszul-Tate differential 
and 7 is the differential that implement the gauge transformations. When computing Sai, it is 
possible, up to total derivatives, to make appear a 7-exact term ao = d'^U da^aa]'' ^^'^-f^acl^^i but 
there remains a term that cannot be written as 7-exact term up to total derivative so that in 
flat spacetime, this vertex is not consistent. 

Actually, looking at the classification found in [12] , one sees that there is indeed only one ver- 
tex, bringing five derivatives, whereas in AdS^ , this three-derivative vertex plays an important 
role in making the nonabelian interactions we presented above, see (j4.28p . 

Couplings [1,1]— [2,1]— [2,1] In terms of the quantities ja , a, = 1,2,3 and cr = 1,2 relevant 
for the formula (8.66) of Metsaev in [12] (that formula is reproduced below in l5.13p ). the coupling 
[1, 1] - [2, 1] - [2, 1] corresponds to either (1, 0) - (| , i ) - (| , i ) , (1, 0) - (| , i ) - (i , | ) or 
(1, 0) — (^ , I ) — (^ , I ) since in d = 6 the hook field receives two Gelfand-Zetlin labels (si, S2) 
with |s2| ^ si , so that the hook field can have S2 = 1 or S2 = —1 , depending on its being self dual 
or anti-self dualO In the second case (1, 0) — (3/2, 1/2) — (1/2, 3/2) , one has Ji = X^^. Jo- = 3 , 
J2 = 2 , miua Ji" = 2 and miua J2 = , so that Metsaev's formula 

2 max(J^ - 2 min j^")) ^ A; ^ 2min J^ (5.13) 

o-=l,2 a=l,2,3 cr 

gives the solution /c = 4 . The other two cases give no solution. On the other hand we found the 
deformation ai = T*f^'-'^'iyK^r2],u[2] H'^'^^' where we recall that //'^™ is the element of -^(7) that 
corresponds to the curl of the antisymmetric gauge parameter A^i2] for the gauge field T that, 
in flat space, possesses two independent gauge transformations. This candidate ai , again, does 
not lead to any nonabelian algebra since the gauge fields appear through the curvature tensor 



®See the discussion at the beginning of Section 8.2 in [12]. Note that the restriction on k in Metsaev's formula 
(|5.13[) was found for the first time in [79]. We are grateful to R.Metsaev for his explanations and comments. 
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^ij.\2],u\2]- This candidate oi is integrable and gives a vertex qq involving four derivatives — in 
agreement with the k = 4 prediction of Formula ()5.13p — and that gives a contribution in AdSd 
corresponding to (j02|) . (j03|) : 

ao = ^MiA«2,.i.i (atT^i^^iv ^['^r'^i^^i'p - si^r^i^^i'p si'^T^i'^^]',) , (s.m) 

6^'%,f = K^^^^pd^^A^"^ . (5.15) 



Using group theorjij, it can be seen that this vertex is indeed nontrivial in d = 6 . 

There is yet another vertex, this times with six derivatives: the Born-Infeld vertex simply 
obtained by contracting the indices of the three linearized curvature tensors. Using group theory 
again, one can see this time that in d = 6 there is no way to contract the three curvature tensors 
so that the result is nonvanishing. This vertex starts being nontrivial from d = 7 on. 

Finally, there is the Lorentz minimal coupling between the hook field and the graviton, 
bringing two derivatives in the Lagrangian. Interestingly enough, this vertex appears through 
the following only possible nontrivial candidate in antigh = 3: 

as = B*^'B''d[^C,] (5.16) 

that can be integrated via (j5.8p to give 



02 = C*"'' 



(^," + \ 5.")5[^a] + B'^di^h, 



(5.17) 



When one tries to integrate 02 via (j5.7p . however, one finds an obstruction to finding ai so that 
the Lorentz minimal coupling is inconsistent in flat spacetime. As we have seen, the Lorentz 
minimal couplings appears in AdS^ (see Section 14. ip and are consistent when added to an 
appropriate finite tail of higher-derivative vertices, so that the resulting coupling can be called 
quasi-minimal, like for the gravitational interactions of totally symmetric fields |15j . 



A remark on the nonabelianization in AdSd : We have listed above all the possible 
couplings between the three types of fields {[2, 1], [1, l]^^-*, [1, l]*-^^} and have seen that, in flat 
spacetime, there is no nonabelian coupling among them. The remarkable fact is that these 
couplings, when embedded in AdSd 1 become related to each other and contribute to give the 
nonabelian interactions we presented here in various forms. Contrary to the totally symmetric 
case studied in [15], in the flat limit, the Stiickelberg action can give only ahelian interactions. 
The reason is that the gauge transformations for the Stiickelberg companion of the hook field 
has got a term, in AdSd ) that vanishes in the flat limit, being proportional to the cosmological 
constant; see e.g. Eqs (|3.1iP " (|3.14p . Now, in the case of mixed-symmetry fields in AdSd in 
the Stiickelberg formulation, it is no longer true that the linearized gauge transformations can 



'^See e.g. the Lie program at http://www-math.univ-poitiers.fr/~maavl/LiE/form.html. 
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be viewed as an AdS covariantization of the flat space transformations. We believe that it 
is responsible for that fact that, for mixed-symmetry fields in the Stiickelberg formulation, as 
opposed to the case of totally-symmetric gauge fields, there is the possibility of scaling away the 
nonabelian nature of a vertex while at the same time retaining a top vertex. 

6 Conclusions 

In this paper we have obtained nonabelian gravitational interactions for a simple mixed- 
symmetry gauge field in AdSd using various techniques that agree with each other upon partial 
gauge fixing and trivial field-redefinitions. In the Stiickelberg formulation, the flat limit is 
smooth also for the cubic action, which strengthens the proposal of |57j . This is not surprising, 
since the cubic vertices can smoothly be switched on and off by turning the coupling constant, 
so the fact that the quadratic action allows for a smooth flat limit implies the same for the cubic 
action. 

Starting right away in flat space and dressing the list of all possible cubic couplings, we 
indeed recuperated the highest-derivative vertices of the AdSd action and found that all the flat 
spacetime vertices give rise to abelian gauge algebras — although the gauge transformations 
may be linear in the gauge fields, which appear then only through the linearized curvature like 
for the Bel-Robinson or Chaplin-Manton vertices. This means that taking the flat limit of a 
nonabelian action for mixed-symmetry fields in AdS^ trivializes the gauge algebra, in sharp 
contrast to what happens for totally symmetric gauge fields in AdSd ■ This is another instance 
where mixed-symmetry gauge fields in AdSd differ from their totally symmetric cousins. 

This is in accordance with the fact that mixed-symmetry gauge fields in AdSd have only 
one genuine differential gauge parameter and not several like in flat space, which makes the 
nonabelian coupling problem less constrained. Generically, we expect that with one genuine 
gauge parameter in the game, one can have nonabelian interactions, like for totally symmetric 
fields both in flat space and AdSd and for the simple mixed-symmetry field in AdSd studied 
here. However, when one has to deal with more than one gauge symmetry, the problem becomes 
too restrictive and only abelian vertices can emerge, like for mixed-symmetry fields in flat space. 

It would be interesting to make contact with the appearance of mixed-symmetry fields within 
string theory through the work |16p80j. where their relevance was exhibited, respectively, via 
vertex operators in exotic pictures and deconstruction of tensionful string amplitudes around 
flat background. Very recently, an interesting connection between string vertex operators and 
higher-spin theory in AdSd background was made in [81]. It would be very promising to use 
this setting in order to understand better mixed-symmetry fields in AdSd within string theory. 
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A Metric-like formalism for the simplest hook gauge field 

In order to make connection with the metric formulation, let us study the Lagrangian describing 
the simplest hook gauge field around AdSd background, namely the gauge field of Young- 
symmetry type [2, 1], from a slightly different perspective with respect to what is done in [57]. In 
particular, we will insist on the role played by gauge-invariant quantities which is more parallel 
to the frame-like formalism adopted in this paper. We adopt here the manifestly symmetric 
convention for Young tableaux. 

In base-manifold component notation, the gauge transformations for the dynamical field 
^^ifi2,v ^^^ tl^6 Stiickelberg field Xfll^J.2 read 

(2 1) 

'5XmiM2 = 2Z)(^^Cm2) + 2AS'^i^2 > (A.2) 

where Y^IAn denotes the projector on the Young tableau (/-ti^2)^) of GL{d,R) . Next we 
construct the so-called curvatures, the basic objects that are invariant under these gauge trans- 
formations. They are 



J^piti2,uiU2 — ^ GL(d) 



GL(d) 

2 
3 



^U2^l^lXpifJ.2 n ■^ '^2^fiip,2,l^l 



(A.4) 



From these curvatures we build the Einstein-like invariant tensors 



G^ixlJ.2,v — °''^ij.iij.2,up, + -'-^ ^GL(d) [9f^ifJ'2^up, a, \ — '-'^pip2,'^ ~^ ■ ■ ■ 1 l^-^j 



G^i 



A»lM2 






OXp,P2 + ■■■ (A.6) 



2 
where □ is the covariant D'Alembertian. 

These Einstein-like tensors can be seen to obey the following identities 

V"G,.,^2,. - 2A(d - 3) G^,^2 = 0, (A.7) 

V^G.^^.p - V^G.p,^ = 0, (A.8) 

9^'^'G^,^,,,-jid-3)V'^^G^,, = 0. (A.9) 
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It is then natural to propose the fohowmg action S'[<l>,x] (see also ^7\): 

S[^, X] = \ j V^g [^^.,,,,u G^^^^'" + 3(d - 3)x^,M2 G^^'^^] d'^x (A.IO) 

which is invariant under the enhanced 50 (d — 1, 2) gauge transformations (|A.ip . ()A.2p by virtue of 
the invariance of the Einstein-like tensors and the identities ()A.7p , (jA.SP , (jA.OP which are nothing 
but the Nother identities corresponding to the parameters S^^^^, A^^^, and ^^, respectively. 

Although the Einstein-like tensors Gf^-^^f^^^u and Gf^^^^ contain both fields $ and Xi it can be 
seen that the Euler-Lagrange equations for the corresponding fields simply are, as expected, 

= -L giil^ = G,,,, . , (A.11) 

= ^= ^ '^^ =3(d-3)G„,„, . (A.12) 

By taking traces of the latter field equations and inserting the results back in the corresponding 
equations, one can express the latter as the following zero-Ricci-like equations: 

^Mi/.„.p:' = 0, K^^^J = ^. (A.13) 

As explained in [57], provided the cosmological constant is non- vanishing, the field x is a 
Stiickelberg field that can be gauge-fixed to zero inside the action. Then, the remaining field 
is <l>, invariant under the gauge transformation (jA.ip where only the antisymmetric parameter 
A^y is nonzero. The field equation for the gauge-fixed action therefore is equivalent to 

= F^,;.,,. = 8i^^^^^,,/ 1^=0 . (A.14) 

We may use the residual gauge symmetry (under the gauge transformation (|A.ip where only 
the antisymmetric parameter A^^^ is nonzero) in order to simplify the field equation ()A.14p . 
Introducing the quantity 

D^^y = i^^<I>,[^,.] + D^^<^^^^^ (A.15) 

it is easy to see that it transforms like 

SaD^^u = 2[u-{d- 2)\^] A^^y . (A.16) 

The equation SaD^^^ = is the differential equation obtained by Metsaev for a gauge parameter 
j4^^jy in AdSd |82p83|. Indeed, from the latter work, we know that the differential constraint on 
the gauge parameter |Afc) is 



□ _ x\hf^ - k + 1)(4'^) -k + d) + X^^h\ 



\Xk) = (A. 17) 



where k indicates, for the Young diagram associated with the gauge field, the maximal number 



of upper rows which have the same length and /ij (/ = 1, . . . , z^) are the lengths of the rows 
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corresponding to the Young diagram associated with the gauge parameter \Xk) ■ The index z/ is 
the integer part of (d — 2)/2. In the present case, we have k = 1 since the upper block for the 
gauge field has height one. The Young diagram of the gauge parameter is obtained from the 
Young diagram of the gauge field by removing one box at the end of the last row of the upper 
block. We indeed get an antisymmetric, rank-2 parameter, i.e. h\ = l = h2,hj = 0\/l>2 and 
the equation (|A.17p indeed reproduces SaD^^^ = 0, c.f. (|A.16p . 
The field equation on the gauge field |<I>) is, from |82y83j. 



D - \^{hk - k - l){hk - k - 2 + d) + X^y^ h 



1=1 



1$) = (A.18) 



where hi (/ = 1, . . . , z^) denote the lengths of the rows corresponding to the gauge field |<&) . For 
the example at hand, the only nonvanishing entries are hi = 2 and /i2 = 1 with A; = 1, as we 
explained before. Therefore (JA.ISP gives the equation 

[□ + 3A2] 1$) = . (A.19) 

This equation can be obtained from ()A.14p upon gauge fixing: Indeed, after imposing the 
gauge-fixing condition D^^i, = we are still allowed to further fix the gauge, provided the gauge 
parameter satisfies SaD^^^ = 0. With such a gauge parameter, one can set the trace of |<I>) to 
zero, since 6a^ii^,u = 4:D^A^iy . Then, at that stage, further gauge transformations could be 
performed, with a gauge parameter still obeying SaD/^i^u = and further satisfying D^A^^^ = 0. 
Finally, in the gauge where Xfj.\H2 is vanishing and where A 7^ , the divergence of the field 
equation gives us the following constraint: 

= D^^G^,J^=o = (3 - d)\^ (l^^'^.p,^ + i5(.$;) + g.pD^'^'^ , ^'^ = <^/,, , (A.20) 

which allows us to set the symmetrized divergence i^^*&p(^t,jy) = —\ DP^i^^i^^p to zero in the gauge 
where ^ is zero. Therefore, in the gauge D^^^, = , <I> = , the field is traceless and totally 
divergenceless. 

Summarizing, the equations obtained at that point are 

DP'^p^,,^ = , $; = , Di^Ap^, = , 
(n + 3A2)|$)=0, [n-(d-2)A2]A^,, = 0, 

which, as shown in |82y83| . correctly define the unitary irreducible representation of so(ri — 1, 2) 
associated with the Young diagram (2, 1) . We thus showed that the action (jA.lOp . with A 7^ 0, 
correctly describes a massless (2,1) field propagating in 5o{d— 1,2) and corresponding to a 
unitary irreducible representation of the latter isometry algebra. 

Taking the flat limit A — )■ in (jA.lOp . we find that the resulting action indeed describes two 
massless irreducible field giving o{d — 2) degrees of freedom (2, 1) © (2,0). 

31 



References 

[1] E. S. Fradkin and M. A. Vasiliev, "On the Gravitational Interaction of Massless Higher 
Spin Fields," Phys. Lett. B189 (1987) 89-95. 

[2] E. S. Fradkin and M. A. Vasiliev, "Cubic Interaction in Extended Theories of Massless 
Higher Spin Fields," Nud. Phys. B291 (1987) 141. 

[3] M. A. Vasiliev, "Consistent equation for interacting gauge fields of all spins in 
(3+l)-dimensions," Phys. Lett. B243 (1990) 378-382. 

[4] M. A. Vasiliev, "More on equations of motion for interacting massless fields of all spins in 
(3+l)-dimensions," Phys. Lett. B285 (1992) 225-234. 

[5] M. A. Vasiliev, "Nonlinear equations for symmetric massless higher spin fields in 



(a)ds(d)," Phys. Lett. B567 (2003) 139-151, [hep-th/0304049 



[6] C. Fronsdal, "Massless fields with integer spin," Phys. Rev. D18 (1978) 3624. 

[7] J. Fang and C. Fronsdal, "Massless Fields with Half Integral Spin," Phys. Rev. D18 
(1978) 3630. 

[8] C. Fronsdal, "Singletons and Massless, Integral Spin Fields on de Sitter Space 
(Elementary Particles in a Curved Space. 7," Phys. Rev. D20 (1979) 848-856. 

[9] J. Fang and C. Fronsdal, "Massless, half integer spin fields in de sitter space," Phys. Rev. 
D22 (1980) 1361. 

[10] M. A. Vasiliev, "Cubic interactions of bosonic higher spin gauge fields in ads(5)," Nucl. 



Phys. B616 (2001) 106-162, |hep-th/0106200 



[11] K. B. Alkalaev and M. A. Vasiliev, "N = 1 supersymmetric theory of higher spin gauge 



fields in ads(5) at the cubic level," Nucl. Phys. B655 (2003) 57-92, |hep-t h/0206068. 
[12] R. R. Metsaev, "Cubic interaction vertices for massive and massless higher spin fields," 



Nucl. Phys. B759 (2006) 147-201, hep-th/0512342 



[13] I. L. Buchbinder, A. Fotopoulos, A. C. Petkou, and M. Tsulaia, "Constructing the cubic 
interaction vertex of higher spin gauge fields," Phys. Rev. D74 (2006) 105018, 



hep-th/0609082 



[14] R. R. Metsaev, "Cubic interaction vertices for fermionic and bosonic arbitrary spin 
fields," larXiv: 0712 .35261 Ihep-thli 



32 



[15] N. Boulanger, S. Leclercq, and P. Sundell, "On The Uniqueness of Minimal Coupling in 
Higher-Spin Gauge Theory," JHEP 08 (2008) 056, 10805.27641 

[16] A. Sagnotti and M. Taronna, "String Lessons for Higher-Spin Interactions," Nucl.Phys. 
B842 (2011) 299-361. [1006 .52421 

[17] R. Manvelyan, K. Mkrtchyan, and W. Ruehl, "General trilinear interaction for arbitrary 
even higher spin gauge fields," Nud. Phys. B836 (2010) 204-221. (1003.28771 

[18] D. Polyakov, "Gravitational Couplings of Higher Spins from String Theory," Int. J. Mod. 
Phys. A25 (2010) 4623-4640, 11005.55121 

[19] M. Vasiliev, "to appear". 

[20] X. Bekaert, N. Boulanger, and P. Sundell, "How higher-spin gravity surpasses the spin 
two barrier: no-go theorems versus yes-go examples," 11007.04351 

[21] M. A. Vasiliev, "Higher spin symmetries, star-product and relativistic equations in ads 



space," hep-th/0002183 



[22] M. A. Vasiliev, "Higher spin gauge theories in various dimensions," Fortsch. Phys. 52 



(2004) 702-717, [hip-th/0401177 



[23] X. Bekaert, S. Cnockaert, C. lazeolla, and M. A. Vasiliev, "Nonlinear higher spin theories 



in various dimensions," hep-th/0503128 



[24] T. Curtright, "Generahzed gauge fields," Phys. Lett. B165 (1985) 304. 

[25] C. S. Aulakh, I. G. Koh, and S. Ouvry, "Higher spin fields with mixed symmetry," Phys. 
Lett. B173 (1986) 284. 

[26] W. Siegel and B. Zwiebach, "Gauge String Fields from the Light Cone," Nucl. Phys. 
B282 (1987) 125. 

[27] J. M. F. Labastida, "Massless particles in arbitrary representations of the lorentz group," 
Nud. Phys. B322 (1989) 185. 

[28] P. de Medeiros and C. Hull, "Geometric second order field equations for general tensor 



gauge fields," JHEP 05 (2003) 019, |hep-th/0303036 



[29] P. de Medeiros, "Massive gauge-invariant field theories on spaces of constant curvature," 



Class. Quant. Grav. 21 (2004) 2571-2593, hep-th/0311254 



33 



[30] K. B. Alkalaev, O. V. Shaynkman, and M. A. Vasiliev, "On the frame-like formulation of 
mixed-symmetry massless fields in (a)ds(d)," Nud. Phys. B692 (2004) 363-393, 



hep-th/0311164 



[31] A. Sagnotti and M. Tsulaia, "On higher spins and the tensionless limit of string theory," 



Nud. Phys. B682 (2004) 83-116, [hep-th/0311257 



[32] K. B. Alkalaev, O. V. Shaynkman, and M. A. Vasiliev, "Lagrangian formulation for free 



mixed-symmetry bosonic gauge fields in (a)ds(d)," JHEP 08 (2005) 069, jhep-th/0501108 



[33] K. B. Alkalaev, O. V. Shaynkman, and M. A. Vasiliev, "Frame-like formulation for free 



mixed-symmetry bosonic massless higher-spin fields in ads(d)," hep-th/0601225 



[34] X. Bekaert and N. Boulanger, "Tensor gauge fields in arbitrary representations of gl(d,r). 
ii: Quadratic actions," Commun. Math. Phys. 271 (2007) 723-773, |hep-th/0606198[ 



[35] A. Fotopoulos and M. Tsulaia, "Interacting Higher Spins and the High Energy Limit of 
the Bosonic String," Phys. Rev. D76 (2007) 025014, 10705.29391 

[36] I. L. Buchbinder, V. A. Krykhtin, and H. Takata, "Gauge invariant Lagrangian 

construction for massive bosonic mixed symmetry higher spin fields," Phys. Lett. B656 
(2007) 253-264, 10707.21811 

[37] A. A. Reshetnyak, "On Lagrangian formulations for mixed-symmetry HS fields on AdS 
spaces within BFV-BRST approach," 10809.48151 

[38] E. D. Skvortsov, "Frame-like Actions for Massless Mixed-Symmetry Fields in Minkowski 
space," Nud. Phys. B808 (2009) 569-591, 10807.09031 

[39] Y. M. Zinoviev, "Toward frame-like gauge invariant formulation for massive mixed 
symmetry bosonic fields," Nud. Phys. B812 (2009) 46-63, 10809.32871 

[40] A. Campoleoni, D. Francia, J. Mourad, and A. Sagnotti, "Unconstrained Higher Spins of 
Mixed Symmetry. I. Bose Fields," Nud. Phys. B815 (2009) 289-367, 10810.43501 

[41] N. Boulanger, C. lazeolla, and P. Sundell, "Unfolding Mixed-Symmetry Fields in AdS and 
the BMV Conjecture: I. General Formalism," JHEP 07 (2009) 013, 10812.36151 

[42] N. Boulanger, C. lazeolla, and P. Sundell, "Unfolding Mixed-Symmetry Fields in AdS and 
the BMV Conjecture: II. Oscillator Realization," JHEP 07 (2009) 014, 10812.44381 

[43] K. B. Alkalaev, M. Grigoriev, and I. Y. Tipunin, "Massless Poincare modules and gauge 
invariant equations," Nud. Phys. B823 (2009) 509-545, 10811.39991 



34 



[44] A. Canipoleoni, D. Francia, J. Mourad, and A. Sagnotti, "Unconstrained Higher Spins of 
Mixed Symmetry. II. Fermi Fields," 10904 . 44471 

[45] Y. M. Zinoviev, "Towards frame-like gauge invariant formulation for massive mixed 
symmetry bosonic fields. II. General Young tableau with two rows," Nucl. Phys. B826 
(2010) 490-510, 10907.21401 

[46] E. D. Skvortsov, "Gauge fields in (A)dS within the unfolded approach: algebraic aspects," 
JHEP 01 (2010) 106, 10910.33341 

[47] K. B. Alkalaev and M. Grigoriev, "Unified BRST description of AdS gauge fields," Nucl. 
Phys. B835 (2010) 197-220, 10910.26901 

[48] E. D. Skvortsov and Y. M. Zinoviev, "Frame-like Actions for Massless Mixed-Symmetry 
Fields in Minkowski space. Fermions," Nucl. Phys. B843 (2011) 559-569, 11007.49441 

[49] E. S. Fradkin and R. R. Metsaev, "A Cubic interaction of totally symmetric massless 
representations of the Lorentz group in arbitrary dimensions," Class. Quant. Grav. 8 
(1991) L89-L94. 

[50] X. Bekaert, N. Boulanger, and M. Henneaux, "Consistent deformations of dual 
formulations of linearized gravity: A no-go result," Phys. Rev. D67 (2003) 044010, 
| hep-th/0210278 



[51] N. Boulanger and S. Cnockaert, "Consistent deformations of (p,p)-type gauge field 



theories," JHEP OS (2004) 031, |hep-th/0402180 



[52] X. Bekaert, N. Boulanger, and S. Cnockaert, "No self-interaction for two-column massless 



fields," J. Math. Phys. 46 (2005) 012303, |hep-th/0467l02 



[53] K. Alkalaev, "FV-type action for AdS(5) mixed-symmetry fields," JHEP 1103 (2011) 031, 
11011.61091 

[54] E. Sezgin and P. Sundell, "Doubletons and 5D higher spin gauge theory," JHEP 09 



(2001) 036, hep-th/0105001 



[55] E. Sezgin and P. Sundell, "Towards massless higher spin extension of D = 5, N = 8 



gauged supergravity," JHEP 09 (2001) 025, hep-th/0107186 



[56] Y. Zinoviev, "On electromagnetic interactions for massive mixed symmetry field," JHEP 
1103 (2011) 082. 11012.27061 

[57] L. Brink, R. R. Metsaev, and M. A. Vasiliev, "How massless are massless fields in ads(d)," 



Nucl. Phys. B586 (2000) 183-205, |hep-th/0005136 

35 



[58] G. Barnich and M. Henneaux, "Consistent couplings between fields with a gauge freedom 
and deformations of the master equation," Phys. Lett. B311 (1993) 123-129, 



hep-th/9304057| 



[59] F. A. Berends, G. J. H. Burgers, and H. van Dam, "On the theoretical problems in 
constructing interactions involving higher spin massless particles," Nucl. Phys. B260 
(1985) 295. 

[60] M. Henneaux, "Consistent interactions between gauge fields: The cohomological 



approach," Contemp. Math. 219 (1998) 93, hep-th/9712226 



[61] M. A. Vasiliev, "Equations of motion of interacting massless fields of all spins as a free 
differential algebra," Phys. Lett. B209 (1988) 491-497. 

[62] V. E. Lopatin and M. A. Vasiliev, "Free massless bosonic fields of arbitrary spin in 
d-dimensional de sitter space," Mod. Phys. Lett. A3 (1988) 257. 

[63] E. D. Skvortsov, "Mixed-Symmetry Massless Fields in Minkowski space Unfolded," JHEP 
07 (2008) 004, 10801 .22681 

[64] E. D. Skvortsov, "Gauge fields in (anti)-de Sitter space and Connections of its symmetry 
algebra," J. Phys. A42 (2009) 385401. [0904 .29191 

[65] Y. M. Zinoviev, "Note on antisymmetric spin-tensors," JHEP 04 (2009) 035, 10903 ■0262[ 

[66] Y. M. Zinoviev, "Frame-like gauge invariant formulation for massive high spin particles," 
Nucl. Phys. B808 (2009) 185-204, 10808.17781 

[67] E. S. Fradkin and M. A. Vasiliev, "Candidate to the role of higher spin symmetry," Ann. 
Phys. 177 (1987) 63. 

[68] M. A. Vasiliev, "Higher spin superalgebras in any dimension and their representations," 



JHEP 12 (2004) 046, hep-th/0404124 



[69] M. A. Vasiliev, "Higher spin gauge theories in any dimension," Comptes Rendus Physique 



5 (2004) 1101-1109, |hep-th/0409260| 



[70] Y. M. Zinoviev, "On massive high spin particles in (a)ds," hep-th/0108192 



[71] Y. M. Zinoviev, "First order formalism for mixed symmetry tensor fields," 
|hep-th/0304067 



[72] Y. M. Zinoviev, "Frame-like gauge invariant formulation for mixed symmetry fermionic 
fields," Nucl. Phys. B821 (2009) 21-47. (0904705491 

36 



[73] T. Biswas and W. Siegel, "Radial dimensional reduction: Anti-de Sitter theories from 



flat," JHEP 0207 (2002) 005, hep-th/0203115 



[74] K. B. Alkalaev and M. Grigoriev, "Unified BRST approach to (partially) massless and 
massive AdS fields of arbitrary symmetry type," I1105.6111[ 

[75] M. Grigoriev and A. Waldron, "Massive Higher Spins from BRST and Tractors," 
11104.^9911 

[76] K. S. Stelle and P. C. West, "Spontaneously broken de sitter symmetry and the 
gravitational holonomy group," Phys. Rev. D21 (1980) 1466. 

[77] K. B. Alkalaev, "Two-column higher spin massless fields in ads(d)," Theor. Math. Phys. 



140 (2004) 1253-1263, hep-th/0311212 



[78] N. Boulanger, T. Damour, L. Gualtieri, and M. Henneaux, "Inconsistency of interacting. 



multigraviton theories," Nud. Phys. B597 (2001) 127-171, hep-th/0007220 



[79] R. R. Metsaev, "Cubic interaction vertices of totally symmetric and mixed symmetry 
massless representations of the Poincare group in D = 6 space-time," Phys. Lett. B309 
(1993) 39-44. 

[80] D. Polyakov, "Interactions of Massless Higher Spin Fields Prom String Theory," Phys. 
Rev. D82 (2010) 066005, 10910.53381 

[81] D. Polyakov, "A String Model for AdS Gravity and Higher Spins," 11106.15581 

[82] R. R. Metsaev, "Massless mixed symmetry bosonic free fields in d- dimensional anti-de 
Sitter space-time," Phys. Lett. B354 (1995) 78-84. 

[83] R. R. Metsaev, "Arbitrary spin massless bosonic fields in d-dimensional anti-de Sitter 



space," hep-th/9810231 



37 



